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ABSTRACT
We propose a universal expression for the moduli metric of a class of four- and
five-dimensional black holes which preserve at least four supersymmetries. These
include the black holes that are associated with various intersecting branes in ten
and eleven dimensions, the electrically charged black holes of N=2 D=5 and N=2
D=4 supergravities with any number of vector multiplets, and dyonic black holes
of N=2 D=4 supergravity. The moduli metric of electrically charged N=2 D=4
black holes coupled to any number of vector multiplets is explicitly computed. We
also investigate the superconformal symmetries of the black hole moduli spaces for
small black hole separations.
1. Introduction
In the past few years there has been much interest in investigating the geometry
of the moduli spaces of various supersymmetric black hole solutions of supergrav-
ity theories following some earlier work in [1, 2, 3]. Supersymmetric black hole
solutions are thought as the solitons of supergravity and so provide a macroscopic
description of the solitons of strings and M-theory. As such one can investigate
their moduli spaces in analogy with similar investigations of the moduli spaces of
BPS monopoles in the context of Yang-Mills theory. However unlike the case of
BPS monopoles, the geometry of the moduli space of various black holes is related
to that of the target space of supersymmetric sigma models in one-dimension with
non-vanishing torsion [4]; for more recent work on the geometry of one-dimensional
sigma models see [5]. This has been first established in [6] for a class of D=5 black
holes that preserve 1/4 of the maximal supersymmetry and later extended for the
electric black holes of D=5 N=2 supergravity coupled to the graviphoton [7]. In
the former case, the geometry of black hole moduli space is strong HKT while in
the latter is weak HKT [8]. Later it was found that the moduli space of electrically
charged black holes of N=2 D=5 supergravity with any number of vector multi-
plets is again weak HKT [9]. More recently, the moduli space of (four-dimensional)
Reissner-Nordstro¨m black holes was investigated [10] and again it was confirmed
that its geometry is related to that of a class of one-dimensional sigma models
which in addition to some bosonic multiplets also contain fermionic ones [4]. A
common characteristic of all the above cases is that the geometry on the moduli
space of these black holes is determined by a scalar function, a ‘moduli potential’.
The authors of [7, 10] also investigated the symmetries of the moduli spaces of the
N=2 D=5 graviphoton and the Reissner-Nordstro¨m black holes for small black hole
separations and they found that they exhibit aD(2, 1; 0) superconformal symmetry.
In this paper, we propose a moduli metric for a class of black holes in four and
five dimensions that preserve at least four supersymmetry charges of the underlying
supergravity theory. Typically, we consider black holes of maximal supergravities
1
or black holes of N=2 supergravities in four and five dimensions. To be specific, if
the metric of supersymmetric black holes is given by
ds2 = −A2dt2 +B2dxdx (1.1)
then the moduli potential µ is
µ =
∫
dD−1xA−2B2 , (1.2)
where D = 5 or D = 4. The integration is over the spatial directions of the black
hole with respect to the Euclidean metric. It is assumed that the solution is per-
turbed within the appropriate supergravity theory and the only moduli parameters
are the positions of the black holes. The above choice of the moduli potential is
independent from the choice of frame of the associated supergravity theory. One
novel property of our expression for the moduli potential is that it includes all the
examples of known black hole moduli potentials that have been computed so far.
We also explicitly compute the moduli metric of the electrically charged black hole
solutions of N=2 D=4 supergravity [11] in section eight and we find that it is again
given by (1.2). In addition, we verify that the effective action associated with the
moduli potential (1.2) of a certain class of black holes exhibits the expected super-
conformal symmetries for small black hole separations. The metric and torsion on
the black hole moduli space associated with the moduli potential (1.2) are given
in sections six and seven.
We first apply our formula to four- and five-dimensional black holes that can
be constructed by reducing intersecting brane configurations from ten and eleven
dimensions. We show that the moduli potential is invariant under the T-and S-
dualities of type II strings and the choice of frame of the supergravity theories.
Moreover, (1.2) can be partially motivated by the universality of the ratio of the
conformal factor of the transverse directions of the branes modulo that of the
worldvolume directions. Since the moduli space of a class of electrically charged
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black holes has been explicitly computed, if one assumes that the moduli metric
is S- and T-duality invariant, then one can establish (1.2). Another application of
the moduli potential (1.2) is in establishing the moduli metric of intersecting brane
configurations as will be explained in section three.
We next apply our formula (1.2) to a class of four- and five-dimensional black
holes associated with N=2 D=5 supergravity with any number of vector multi-
plets. The moduli potential of the electrically charged black holes of this theory
has been explicitly computed and agrees with (1.2). This includes the case of
five-dimensional black holes coupled to the graviphoton and investigated in [7].
In four dimensions our formula agrees with the moduli potential computed from
the moduli metric of (four-dimensional) Reissner-Nordstro¨m black holes. Next we
apply (1.2) to give the moduli potential of the dyonic four-dimensional black holes
that arise from the reduction of the string solutions of N=2 D=5 supergravity
superposed with a pp-wave and the electrically charged N=2 D=5 black holes in
the background of a KK-monopole. We also verify with an explicit computation
that the moduli potential of the four-dimensional electrically charged black holes
of N=2 D=4 supergravity is again given by (1.2). We remark that the above men-
tioned dyonic black holes are dual to these electric ones. Finally, we investigate
the supersymmetric and superconformal properties of the effective actions of all
the above black holes. We find that for the class of such black holes which have
regular horizons the effective action exhibits D(2, 1; 0) superconformal symmetry
at small black hole separations.
This paper has been organized as follows: In section two, we describe the
moduli potential of four- and five-dimensional black holes that arise from brane
intersections in ten and eleven dimensions. In section three, we provide evidence in
support of (1.2) using duality. In section four, we give the four-dimensional dyonic
black hole solutions which are reductions of the string solutions superposed with a
pp-wave and the electrically charged solutions superposed with a KK-monopole of
N=2 D=5 supergravity. In section five, we apply our formula to give the moduli
potential of all the above black holes and as an example we present the moduli po-
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tential of black holes associated with the STU model. In section six, we construct
the effective theory of five-dimensional black holes and examine its superconformal
properties. In section seven, we construct the effective theory of four-dimensional
black holes and examine its superconformal properties. In section eight, we com-
pute the moduli metric of the electrically charged four-dimensional black holes of
N=2 supergravity coupled to any number of vector multiplets and in section nine
we give our conclusions.
2. Black Holes in four and five dimensions
A large class of four- and five-dimensional black holes
⋆
can be constructed by
appropriately reducing intersecting brane configurations of strings and M-theory
[12]. This has been widely explored in the literature [12, 13, 14, 15]. These in
particular include the black holes that have been used to perform a microscopic
computation of the Bekenstein-Hawking entropy in [16, 17]. It has been observed
in [14] that the metric of such black hole solutions can be expressed as
ds2 = −λD−3dt2 + λ−1ds2(RD−1) (2.1)
where
λ = (ΠnI=1HI)
− 1
D−2 , (2.2)
and
ΠnI=1HI = H1 . . . Hn . (2.3)
The functions HI are harmonic in R
D−1, i.e.
HI = hI +
∑
A
λIA
|x− yIA|D−3 . (2.4)
The constants {hI ; I = 1, . . . , n} can be related to the asymptotic values of the
⋆ We use the term black holes to characterize all static solutions of supergravity which are
asymptotically flat. In particular, we do not require for the solutions to have an event
horizon.
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various scalars of the supergravity theory, {λIA;A = 1, . . . , NI ; I = 1, . . . , n} are
the black hole charges and {yIA;A = 1, . . . , NI ; I = 1, . . . , n} are the black hole
positions. For five-dimensional black holes (D=5) n ≤ 3 and for four-dimensional
black holes (D=4) n ≤ 4. A subclass of such black holes are those for which the
positions of the harmonic functions coincide, i.e.
yIA = yJA (2.5)
for I 6= J . If in addition n = 3 for D = 5 or n = 4 for D = 4, then these black
holes have regular horizons.
The black holes that are described by the metric (2.1) carry electric or magnetic
or both electric and magnetic charges. The origin of these charges can be traced
in their interpretation as intersecting branes in ten or eleven dimensions. In broad
terms if the black hole is associated with M-2-branes and pp-waves, then it is
electrically charged but if it is associated with M-5-branes and KK-monopoles, then
it is magnetically charged. There are also dyonic black holes that are associated
with both electric and magnetic branes. The Maxwell fields that the above black
holes couple to are either KK-vectors due to the reduction or they are associated
to the various brane field strengths in ten and eleven dimensions. In some cases,
it is possible to take linear combinations of the Maxwell fields such that it can
appear that a black hole couples to fewer Maxwell fields than it may be expected.
This mostly arises when we set the various harmonic functions that the black
holes depend on to be equal. Since, we shall not use the explicit expression of the
Maxwell fields of the solutions in what follows we shall neglect them.
Using the expression for the moduli potential proposed in the introduction, we
find that
µ =
∫
dD−1xλ2−D (2.6)
or equivalently
µ =
∫
dD−1xΠnI=1HI . (2.7)
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In the five-dimensional case (D=5), for n = 1 the moduli space is flat, for n = 2
the moduli space is strong HKT and for n = 3 the moduli space is weak HKT.
Such solutions preserve 1/2, 1/4 and 1/8 of supersymmetry, respectively. Moreover
they are associated with configurations in strings and M-theory that involve one
brane, two branes and three branes, respectively. The general case is that with
three harmonic functions since all the others can be derived from it by setting one
or more of the harmonic functions to be constant. Another simplification of the
n = 3 case is to set all the harmonic functions to be equal, i.e.
H = H1 = H2 = H3 . (2.8)
In that case, the moduli potential becomes
µ =
∫
d4xH3 . (2.9)
This moduli potential is the same as that of the black holes of N=2 supergravity
coupled to the graviphoton and derived in [7]. In fact, the graviphoton black hole
can be constructed by reducing the M-brane configuration of three intersecting
M-2-branes on a 0-brane with all three harmonic functions associated with each
M-2-brane set to be equal [12]. In this case, the moduli potential (2.9) has been
verified by an explicit calculation. For the rest of the cases, we shall provide an
argument in the next section.
The superconformal properties of the moduli space (2.9) for small black hole
separation are the same as those of graviphoton black holes investigated in [7].
A more general case arises whenever we choose the positions of the harmonic
functions to be the same but the asymptotic values of the scalars and the charges
to be different, i.e.
HI = hI +
∑
A
λIA
|x− yA|D−3 . (2.10)
The superconformal properties of these black holes will be investigated in section
six.
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In the four-dimensional case (D=4), for n = 1 the moduli space is flat and for
n = 4 the geometry on the moduli space generalizes that on the moduli space of
the Reissner-Nordstro¨m black holes. The rest of the cases are new. For n = 1
the solutions preserve 1/2, for n = 2 the solutions preserve 1/4, for n = 3 and
n = 4 the solutions preserve 1/8 of the maximal supersymmetry, respectively. As
in the five-dimensional case, the most general case arises whenever n = 4 since
all the other cases can be derived by setting one or more harmonic functions to
be constant. Another simplification of the n = 4 case is to set all the harmonic
functions to be equal, i.e.
H = H1 = H2 = H3 = H4 . (2.11)
In that case, the moduli potential becomes
µ =
∫
d3xH4 . (2.12)
The geometry on the moduli space then is that of the Reissner-Nordstro¨m
black holes [10]. So the superconformal properties of the effective theory for small
black hole separation are the same as those of the Reissner-Nordstro¨m black holes.
A more general case arises whenever we choose the positions of the harmonic
functions to be the same but the asymptotic values of the scalars and the charges
to be different as in (2.10). The superconformal properties of these black holes will
be investigated in section seven.
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3. Moduli Spaces from Intersecting Branes
It is well known that all of the supersymmetric black holes in four- and five-
dimensions can be constructed by reducing intersecting M-brane configurations
possibly superposed with a pp-wave or a KK-monopole. The two latter config-
urations reduce to a D-0-brane and a D-6-brane upon compactification to ten
dimensions on S1, respectively [18]. So one may expect to understand the ex-
pression of the moduli potential by investigating the brane solutions in eleven and
ten dimensions. We shall argue that indeed some of the features of the proposed
moduli potential of the four- and five-dimensional black holes have their origin in
the form of the brane solutions in ten and eleven dimensions. But there are also
some puzzles.
The first observation toward this concerns the ratio of the components of the
metric of all brane solutions in ten and eleven dimensions. To be specific recall
that the spacetime metrics of the various branes are as follows: The metric of the
M-2-brane [19] and the M-5-brane [20] are
ds2 = H
1
3
[
H−1ds2(E(1,2)) + ds2(E8)
]
ds2 = H
2
3
[
H−1ds2(E(1,5)) + ds2(E5)
]
,
(3.1)
respectively, the metrics of the D-p-branes [21, 22] are
ds2 = H−
1
2ds2(E(1,p)) +H
1
2ds2(E9−p) (3.2)
the metric of the fundamental string [23] is
ds2 = H−1ds2(E(1,1)) + ds2(E8) (3.3)
and the metric of the NS-5-brane [24] is
ds2 = ds2(E(1,5)) +Hds2(E4) , (3.4)
whereH is a harmonic function of the transverse directions in each case. A common
characteristic of all these solutions is that the ratio B2A−2 of the conformal factor
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of the transverse directions modulo that of the worldvolume directions is equal to
H,
B2A−2 = H . (3.5)
In particular this implies that this ratio is invariant under the various T- and
S-dualities that relate the M-theory and type II string theories. It also follows
from the above observation and the harmonic function rule [25] that for all the
intersecting brane configurations the ratio of the conformal factor of the overall
transverse directions modulo that of the common intersection is universal and
depends only on the number n of the branes involved in the intersection. In
particular, we find that
B2A−2 = H1H2 · · ·Hn . (3.6)
Incidentally, this ratio is the same as that of the spatial modulo the timelike com-
ponents of the metric of the associated black holes.
One expects that the moduli space of four- and five-dimensional black holes,
that arise from appropriately reducing the above brane solutions is flat. This is
because the associated black holes preserve 1/2 of the maximal supersymmetry
and so the effective action has sixteen supersymmetries. Such a high number of
supersymmetries render the sigma model target space flat
⋆
. In such case, one can
choose for the black hole moduli potential
µ =
∫
dDxH . (3.7)
Now if two or more branes are involved in the configuration, it is natural to take the
moduli potential to depend on the product of harmonic functions. This is because
all harmonic functions enter in a symmetric way in the black hole metric
†
and that
⋆ It also follows from the reduction of the effective theories of branes to lower dimensions ne-
glecting possible non-abelian interactions and collecting the terms quadratic in the velocities.
† There are completely symmetric brane intersections that give rise to four- and five-dimensional
black holes. For these the metric, the scalars and the Maxwell fields are all symmetric.
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if one of them is set to one, say Hk = 1, 1 ≤ k ≤ n, the expression for the moduli
potential should remain symmetric in the rest of the harmonic functions. Of course
there are many other symmetric polynomials of the harmonic functions which can
be added in the expression for the potential. But all of them have degree lower
than that of the product. After setting one or more harmonic functions to one, we
get a moduli metric which would be scaled by a conformal factor. In particular,
we shall find a scaled version of the potential (3.7) that is not expected.
Another argument in support of (1.2) can be established using duality. As
we have mentioned the expression for the moduli potential is T- and S- dualities
invariant. Now if we assume that black holes that are related by T- and S-dualities
should have the same moduli space, then the moduli potential (1.2) can be de-
rived in the five-dimensional case. This is because the moduli potential for the
graviphoton black hole agrees with (1.2) and that this black hole is a reduction
from the M-theory configuration of three M-2-branes intersecting on a 0-brane.
The M-2-brane configuration is then related to the rest of intersecting branes of
strings and M-theory via T- and S-dualities which give the rest of five-dimensional
black holes.
It is worth mentioning that our expression for the moduli potential (1.2) can
apply to intersecting brane configurations. In this case, the effective theory may not
be one-dimensional. Typically, the dimension of the effective theory is that of the
common intersection. Moreover the effective theory may contain apart from scalars
other fields like vectors and tensors. However, we argue that the part of the effective
theory which describes the dynamics of the scalars that are associated with the
overall position of the configuration in spacetime when reduced to one-dimension
coincides with the effective theory of the black hole that can be constructed from
the configuration. To give an example, let us consider the moduli of the solution
of eleven-dimensional supergravity with metric
ds2 = H
1
3
1 H
1
3
2 H
1
3
3
[−H−11 H−12 H−13 ds2(E)
+H−11 ds
2(E2) +H−12 ds
2(E2) +H−13 ds
2(E2) + ds2(E3)
] (3.8)
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which has the interpretation of three M-2-branes intersecting on a 0-brane, where
H1, H2, H3 are harmonic functions on E
3. The effective theory of the transverse
scalars this configuration is determined by the moduli potential
µ =
∫
d3xH1H2H3 (3.9)
which is the ratio of the component of the metric along E3 (overall transverse) to
the component of the metric along E (common intersection). The above moduli
potential is of course the moduli potential of the four-dimensional black hole asso-
ciated with the above configuration. A similar analysis can be done for other such
configurations.
Despite these there are some puzzles. One involves the M-theory configuration
of three M-5-branes pairwise intersecting on a 3-brane and all together at a string
[12]. Reducing this solution to five dimensions, we find a string solution which is
in the same universality class as the string solutions of the N=2 D=5 supergravity.
One might expect that the effective theory of such strings using the supersym-
metry projectors of the M-branes to be a (4,0)-supersymmetric two-dimensional
sigma model with strong HKT geometry. This would imply that the moduli space
has dimension 4N and that the torsion is a closed three form. Since there are three
transverse scalars for each black hole, the moduli space has in fact dimension 3N
and the torsion is not a closed form. The former point can be explained by argu-
ing that there are additional moduli for these black holes. Indeed in string theory
apart from the transverse scalars, intersecting brane configurations have additional
scalar, vector and or even tensor moduli. The additional scalars may be due to
e.g. D-brane type of counting; for an example see [26]. All these can be reduced
to five dimensions giving a bigger moduli space from the one we are investigating.
The latter point may also be resolved by observing that the intersection is chiral.
In such a case the torsion can be modified by adding a Chern-Simons type of term
to cancel the anomaly which renders the modified torsion to be a non-closed form.
However, we have not been able to establish the details of the above arguments.
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One encounters similar puzzles with even purely electric solutions as it has already
been mentioned in [6]. As another one consider the seven-dimensional black hole
which can be found by reducing the intersection of two M-2-branes on a 0-brane
configuration of M-theory. One can easily see that in this case there is missing
moduli. However upon reducing the solution further to five-dimensions, the mod-
uli space becomes strong HKT as expected. This appears to be a rather common
phenomenon. Upon reducing the solutions to an appropriate dimension, the ge-
ometry of the associated black hole moduli space can be understood in terms of
that of the target space of a supersymmetric sigma model.
4. Very special Four-Dimensional Black Holes
A large class of black holes in four dimensions can be constructed by reducing
either the string solution of the N=2 supergravity superposed with a pp-wave or the
very special electrically charged black holes of the N=2 D=5 supergravity in a KK-
monopole background. To describe these solutions, we first review some aspects
of N=2 D=5 supergravity. The bosonic part of the action of five-dimensional
N = 2 supergravity with k vector multiplets is associated to a hypersurface N of
R
k defined by the equation
V (X) ≡ 1
6
CIJK X
IXJXK = 1 (4.1)
where {XI ; I = 1, . . . , k} are standard coordinates on Rk and CIJK are constants.
In the case of a model arising from a Calabi-Yau compactification of M-theory, the
constants CIJK are the topological intersection numbers of the compact manifold.
Next we set
QIJ ≡ −1
2
∂
∂XI
∂
∂XJ
log V |V=1= 9
2
XIXJ − 1
2
CIJKX
K
hab = QIJ
∂XI
∂φa
∂XJ
∂φb
|V=1 ,
(4.2)
where {φa; i = 1, . . . , k− 1} are local coordinates of N , h is interpreted as a metric
12
on N and
XI =
1
6
CIJKX
JXK (4.3)
are the dual coordinates toXI . Note that the hypersurface equation V = 1 can also
be rewritten as XIXI = 1. Then, the bosonic part of the associated supergravity
action [27, 28] with vector potentials AI and scalars φa is
S =
∫
d5x
√−g[R+ 1
2
QIJF
I
µνF
Jµν + hab∂µφ
a∂µφb
]
− 1
24
eµνρστCIJKF
I
µνF
J
ρσA
K
τ ,
(4.4)
where F I = dAI , I, J,K = 1, . . . , k are the 2-form Maxwell field strengths,
µ, ν, ρ, σ = 0, . . . , 4, and g is the metric of the five-dimensional spacetime; we have
used the same symbol φa to denote both the coordinates of N and the various
scalar fields of the theory.
The field equations of the above Lagrangian obtained from varying the scalars
φa, the spacetime metric g, and the vector potentials AI are
√−g∂aQIJ
[1
2
F IµνF
Jµν + ∂µX
I∂µXJ
]− 2∂µ(√−gQIJ∂µXI)∂aXK = 0 ,
(4.5)
√−g(Gµν +QIJF IµρF Jνρ +QIJ∂µXI∂νXJ)
−1
2
√−ggµν
[1
2
QIJF
I
ρσF
Jρσ +QIJ∂ρX
I∂ρXJ
]
= 0 ,
(4.6)
and
−2∂µ
[√−gQIJF Jµν]− 1
8
eνρσµτCIJKF
J
ρσF
K
µτ = 0 , (4.7)
respectively. The electrically charged black holes have been found in [29]. The
electrically charged black hole solutions in the background of a KK-monopole are
ds2 = −e−4Udt2 + e2U[H−10 (dτ + ω)2 +H0dx2]
AI0 = e
−2UXI
e2UXI =
1
3
HI ,
(4.8)
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where
HI = hI +
NI∑
A=1
λIA
|x− yIA|
H0 = h0 +
N0∑
A=1
λ0A
|x− y0A|
(4.9)
are harmonic function on R3. The positions of the black holes are labeled by the
coordinates {(y0A,yIA);A = 1, . . . , NI ; I = 1, . . . , k}. The constants {(h0, hI); I =
1, . . . , k} are the values of the scalar fields at spatial infinity and {(λ0A, λIA);A =
1, . . . , NI ; I = 1, . . . , k} are the charges of the black holes. Viewing eU as an
additional scalar, the last equation in (4.8) gives the k independent scalars {eU , φa}
in terms of the k harmonic functions {HI}. A reduction of this solution to four
dimensions along the compact direction τ leads to four-dimensional black holes
with metric (in the Einstein frame)
ds2 = −e−3UH−
1
2
0 dt
2 + e3UH
1
2
0 dx
2 . (4.10)
These black holes, apart from the electric charges associated with those in five
dimensions, also have a magnetic charge with respect to the KK-vector of the
reduction.
The other class of four-dimensional black holes can be obtained by using the
string solution of N=2 D=5 supergravity of [30]. Superposing this solutions with
a pp-wave, we have
ds2 = e−U
(
dudv +H0du2
)
+ e2Udx2
F Imn = −ǫmnp∂pHI
eUXI = HI ,
(4.11)
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where u, v are light-cone coordinates and
HI = hI +
NI∑
A=1
λIA
|x− yIA|
H0 = h0 +
N0∑
A=1
λ0A
|x− y0A| .
(4.12)
The positions of the black holes are labeled by the coordinates {(y0A,yIA);A =
1, . . . , NI ; I = 1, . . . , k} as in the previous case. The constants {(h0, hI); I =
1, . . . , k} are the values of the scalar fields at spatial infinity and {(λ0A, λIA);A =
1, . . . , NI ; I = 1, . . . , k} are the charges of the black holes. Reducing this solution
to four-dimensions along the direction of the wave leads to a four-dimensional black
hole with metric in the Einstein frame (see also [11])
ds2 = −H−
1
2
0 e
− 3
2
Udt2 +H
1
2
0 e
3
2
Udx2 . (4.13)
These black holes carry magnetic charges which correspond to the charges of the
five-dimensional string. They also carry an electric charge which is related to the
momentum of the pp-wave.
Many other dyonic black hole solutions of four-dimensional supergravity the-
ories are known. Some of them have been found by investigating the solutions of
supergravity theories associated with the heterotic string [31]. The relation of these
black holes to brane configurations of the heterotic string have also been explored
[32].
To express the black hole solutions explicitly in terms of the harmonic functions,
one has to solve the stabilization equations (see [33]). From here on, we shall
assume that solutions to these equations exist for the models we are considering.
We also remark that a special subclass of solutions are those for which the positions
of the harmonic functions are the same y0A = yIA = yJA for I 6= J . These black
holes are of interest because they exhibit regular horizons. It is straightforward to
see this by extending the arguments of [34, 30] which have followed earlier work in
[35, 36, 37]. In both cases the near horizon geometry is AdS2 × S2.
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5. The Moduli Potential of N=2 Black Holes
The universal formula (1.2) for the moduli potential is in agreement with the
explicitly computed moduli potential of the electrically charged black holes of N=2
D=5 supergravity with any number of vector multiplets [9]. Moreover, (1.2) is
also in agreement with the explicitly computed moduli potential of the Reissner-
Nordstro¨m black hole in [10].
Applying (1.2), we find that the moduli potential for the black holes (4.10) is
µ1 =
∫
d3xH0e
6U , (5.1)
while for the black holes (4.13) is
µ2 =
∫
d3xH0e3U . (5.2)
If we again assume that the moduli metric is invariant under duality, then in both
cases the moduli potentials can be derived from that which we compute in section
eight. This is because we have mentioned that the above dyonic black holes are
dual to the electrically charged ones of N=2 D=4 supergravity.
To give some examples, we have to consider models for which the stabilization
equations have an explicit solution. Such a model is the so called STU model [38];
for other models see [39, 40]. For this, the only non vanishing component of CIJK
is C123. For the back holes (4.10), one can find that
e6U = H1H2H3 . (5.3)
Therefore, the moduli potential of the associated four-dimensional black holes is
µ1 =
∫
d3xH0H1H2H3 . (5.4)
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Similarly for the (4.13) black holes, we find that
e3U = H1H2H3 . (5.5)
and consequently, the moduli potential is
µ2 =
∫
d3xH0H1H2H3 . (5.6)
It is apparent that the moduli potential in both the above cases is the same. So
the geometry on the moduli space of (4.10) black holes is the same as that on the
moduli space of (4.13) black holes. Moreover, it coincides with the moduli potential
of four-dimensional black holes which preserve 1/8 of the maximal supersymmetry
which are associated with intersecting branes and have four harmonic functions
in sections two and three. As for the intersecting branes black holes, we can set
H = H0 = H1 = H2 = H3 or H = H0 = H1 = H2 = H3. Then the moduli
potentials µ1 and µ2 reduce to that of Reissner-Nordstro¨m black hole computed
in [10]. A more general case is to take the positions of the harmonic functions of
(4.10) black holes to be the same but allow the charges λIA and the asymptotic
values of the scalars to be different, i.e yA = y0A = yIA for I = 1, . . . , k but
h0 6= hI 6= hJ and λ0A 6= λIA 6= λJA for I 6= J , and similarly for the (4.13) black
holes. As we shall see, this class of black holes exhibit the same superconformal
properties for small black hole separation as those of the Reissner-Nordstro¨m black
hole.
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6. The effective theory of five-dimensional black holes
6.1. Supersymmetry
It is straightforward given the moduli potential µ, (1.2), of the five-dimensional
black holes to determine the metric and the torsion on the moduli space. This
analysis is the same for all five-dimensional black holes, i.e. those that have the
interpretation as intersecting branes in ten or eleven dimensions that preserve 1/8
of the supersymmetry and the black holes of N=2 D=5 supergravity that preserve
1/2 of the supersymmetry. So in what follows we shall not distinguish between
these two cases. The moduli space is a weak HKT manifold [8] with HKT potential
µ. So using [41, 42], the metric and torsion are
ds2 =
[
∂mIA∂nJB +
3∑
s=1
(Is)
ℓ
m(Is)
q
n ∂ℓIA∂qJB
]
µ dymIA dynJB
c = 6∂pIA∂qJB∂sKC µ (I1)
p
m(I2)
q
n(I3)
s
ℓdy
mIA ∧ dynJB ∧ dyℓKC
(6.1)
respectively, where {ymIA;m = 1, . . . , D − 1; I = 1, . . . , k;A = 1, . . . , N} label the
positions of the kN black-holes. The endomorphisms {Ir; r = 1, 2, 3} are associated
with a constant hypercomplex structure on R4. These induce a hypercomplex
structure on the moduli space by setting
(Ir)
mIA
nJB = (Ir)
m
nδ
I
Jδ
A
B (6.2)
which is required for the HKT structure. One can easily show that the black hole
moduli space equipped with metric and torsion (6.1) and hypercomplex structure
(6.2) admits an weak HKT structure
⋆
.
The effective theory has N=4B one-dimensional supersymmetry. Both the
supersymmetry multiplet and the effective action can be constructed using the
general results on supersymmetric sigma models of [4, 6] adapted to this case. In
⋆ For other applications of HKT manifolds see [45, 41].
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particular, we promote the coordinates on the moduli space to N = 4B superfields
ymIA = ymIA(t, θ0, . . . , θ3) and impose the constraint
Dry
mIA = (Ir)
mIA
nJBD0y
nIA = (Ir)
m
nD0y
nIA (6.3)
where {D0, Dr; r = 1, 2, 3} are the supersymmetry derivatives, i.e.
D20 = D
2
r = i∂t
D0Dr +DrD0 = 0
DrDs +DsDr = 0, r 6= s .
(6.4)
The associated N = 4B supersymmetric action is
S = −1
2
∫
dtdθ0
[
igmIA,nJBD0y
mIA∂ty
nJB
+
1
3!
cmIA,nJB,ℓKCD0y
mIAD0y
nJBD0y
ℓKC
]
.
(6.5)
This action describes the effective theory of five-dimensional supersymmetric black
holes which preserve four supercharges.
In the special case where the positions of the harmonic functions are the same,
yA = yIA, the moduli space is again a weak HKT manifold with HKT potential
µ. The metric and torsion are given by
ds2 =
[
∂mA∂nB +
3∑
s=1
(Is)
ℓ
m(Is)
q
n∂ℓA∂qB
]
µ dymA dynB
c = 6∂pA∂qA∂sA µ (I1)
p
m(I2)
q
n(I3)
s
ℓdy
mA ∧ dynB ∧ dyℓC ,
(6.6)
respectively. The hypercomplex structure on the moduli space is
(Ir)
mA
nB = (Ir)
m
nδ
A
B . (6.7)
The effective theory has again N = 4B supersymmetry one-dimensional su-
persymmetry. Using again [4, 6], the N = 4B superfields ymA = ymA(t, θ0, . . . , θ3)
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satisfy the constraint
Dry
mA = (Ir)
mA
nBD0y
nA = (Ir)
m
nD0y
nA . (6.8)
The action of the effective theory is
S = −1
2
∫
dtdθ0
[
igmA,nBD0y
mA∂ty
nB+
1
3!
cmA,nB,ℓCD0y
mAD0y
nBD0y
ℓC
]
. (6.9)
This completes the description of the supersymmetric effective theory actions of
five-dimensional black holes.
For black holes that preserve more than four supercharges, the moduli metric is
again determined by the moduli potential (1.2). However, the effective theory may
contain additional fermionic multiplets. For example, for some black holes that
preserve eight supercharges the moduli space admits two commuting strong HKT
structures. The effective action then contains additional fermions to construct the
associated multiplets. These multiplets have been described in [4, 6]. Finally, we
remark that the effective actions in both the above cases can also be written as a
full superspace integral as
S = −1
2
∫
dt d4θ µ . (6.10)
6.2. Superconformal Symmetry
In [10], it was shown that for small black hole separations the effective theory
of the graviphoton electrically charged black holes of N=2 D=5 supergravity ex-
hibits D(2, 1; 0) superconformal symmetry. This is related to the observation that
the near horizon geometry of these black holes is AdS2 × S3. However, the near
horizon geometry of five-dimensional black holes that preserve 1/8 of the maximal
supersymmetry and are associated with intersecting branes, and that of the black
holes of the N=2 D=5 supergravity theory is also AdS2×S3. Since this should be
the case for every black hole involved in the superposition, the relevant solutions
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are those for which all the harmonic functions have the same positions
⋆
. So one ex-
pects that the effective theory (6.9) of these black holes will also exhibit D(2, 1; 0)
superconformal symmetry for small black hole separations.
The conditions for a N = 4B supersymmetric sigma model to exhibit supercon-
formal symmetry have been investigated in [42] and we shall not repeat them here
in detail
†
. We shall simply verify the conditions that the sigma model manifold
admits a homothetic motion generated by a vector field D and that the associated
one-form to D is closed. We shall then comment about the rest of the conditions.
The limit of small black hole separation is achieved by requiring that the asymp-
totic constants of the harmonic functions that determine the solutions vanish, i.e.
hI → 0. Then following [7], we write the moduli potential as
µ = µ1 + µ2 + µ3 (6.11)
where
µ1 =
∫
d4x
∑
A
λ1Aλ2Aλ3A
|x− yA|6 (6.12)
µ2 =
∫
d4x
∑
A 6=B
λ1Aλ2Aλ3B + λ3Aλ2Aλ1B + λ1Aλ3Aλ2B
|x− yA|4|x− yB |2 (6.13)
µ3 =
∫
d4x
∑
A 6=B 6=C
λ1Aλ2Bλ3C
|x− yA|2|x− yA|2|x− yA|2 . (6.14)
There is no contribution to the moduli metric from µ1 because it is independent
from yA as it can be easily seen by a change of variables in the integral. The
contribution to the moduli metric due to µ2 has a logarithmic divergence
lnδ
|yA−yB|2
for x → yA, where δ is a cut off, (|x − yA| ≥ δ. However, these terms do not
contribute to the moduli metric; they are eliminated passing from the potential to
⋆ We also consider in our investigation only STU black holes.
† Superconformal sigma models with scalar potential have been considered in [43].
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the moduli metric because of the differentiation. The term of µ2 that contributes
is
µ2 = 2π
2
∑
A 6=B
(
λ1Aλ2Aλ3B + λ3Aλ2Aλ1B + λ1Aλ3Aλ2B
) ln|yA − yB |
|yA − yB|2 . (6.15)
Finally, µ3 can be defined without regularization and it is homogeneous of degree
‡
−2, i.e.
ymA∂mAµ3 = −2µ3 . (6.16)
The homothetic motion on the moduli space is generated by the vector field
DmA∂mA = −ymA∂mA , (6.17)
which acting on the moduli metric gives
LDgmA,nB = 2gmA,nB . (6.18)
This can be verified by an explicit calculation using the rotational invariance of
the moduli potential
ymA(Ir)
n
m∂nAµ2 = 0
ymA(Ir)
n
m∂nAµ3 = 0 .
(6.19)
Invariance of the effective action under special conformal transformations requires
that
DmAdy
mA (6.20)
is a closed one-form, where we have used the moduli metric to lower the indices of
the components of D. To show this, we first observe that the part of the metric
‡ In the case for which all the positions of the harmonic functions are different, µ3 is the only
contributing term. But as we shall see later, in this case the moduli metric is degenerate.
22
associated with µ3 is degenerate along D. Using this, we find that
DmAdy
mA = −gmA,nBynBdymA
= 2π2d
[ ∑
A 6=B
λ1Aλ2Aλ3B + λ3Aλ2Aλ1B + λ1Aλ3Aλ2B
|yA − yB|2
]
,
(6.21)
and so DmAdy
mA is closed as required. It turns out that the rest of the conditions
for superconformal invariance also hold. Therefore the moduli geometry for small
black hole separation exhibits a D(2, 1; 0) superconformal invariance.
7. The effective theory of four-dimensional black holes
7.1. Supersymmetry
The effective theory of four-dimensional black holes which preserve 1/8 of the
maximal supersymmetry is expected to have four supercharges. The dimension
of the moduli space is 3nN , where n is the number of harmonic functions of the
solution and N is the number of positions of each harmonic function. The de-
scription of the effective theory is the same for all four-dimensional black holes,
i.e. those that have the interpretation as intersecting branes in ten or in eleven
dimensions, the black holes that are reductions of the solutions superposed with
a pp-wave or a KK-monopole of N=2 D=5 supergravity and preserve 1/2 of the
supersymmetry and the electrically charged black holes of N=2 D=4 supergravity.
To keep the notation uniform, we label the positions of the former black holes
as {yIA; I = 1, . . . , n;A = 1, . . . , N} and the positions of the latter black holes as
{yIA; I = 0, 1, . . . , k;A = 1, . . . , N} with n = k+1. The range of I can be different
in the two cases but this would not affect our formulae below.
Next we derive the supersymmetry multiplet and the effective action of the
above black holes by appropriately adapting the general results of [4] on supersym-
metric one-dimensional sigma models and by comparing with the effective action
of Reissner-Nordstro¨m black holes in [10]. In particular, we promote the positions
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of the black holes to superfields as yIA = yIA(t, θ0, . . . , θ3) and add a new su-
persymmetry fermionic multiplet ψIA(t, θ0, . . . , θ3). In addition, we impose the
constraints
Dry
mIA = ǫr
m
nD0y
nIA + δmrψ
IA
Drψ
IA = iδrn∂ty
nIA .
(7.1)
We remark that all the four-dimensional black holes associated with intersecting
branes with four harmonic functions and those that are reductions of N=2 D=5
supergravity are charged with respect one KK-vector. Therefore the argument in
[10] applies for the presence of the fermionic multiplets, i.e. that they are due
to zero modes along the KK-direction. The manifestly supersymmetric effective
action of the four-dimensional black holes is
S = −1
2
∫
dtd4θ µ(y) . (7.2)
Rewriting this action in terms of the N=1 superfields
qmIA = ymIA|θr=0 , r = 1, 2, 3
χIA = χIA|θr=0 , r = 1, 2, 3
(7.3)
by integrating over θ1, θ2 and θ3 and by using the constraints (7.1), we find
S =
∫
dtdθ
[− i
2
gmIA,nJBDq
mIA∂tq
nJB − 1
2
hIA,JBχ
IADχJB + ifmIA,JB∂tq
mIAχJB
+
1
3!
cmIA,nJB,ℓKCDq
mIADqnJBDqℓKC +
1
2
nmIA,nJB,KCDq
mIADqnJBχKC
+
1
2
mmIA,JB,KCDq
mIAχJBχKC +
1
3!
lIA,JB,KCχ
IAχJBχKC ] ,
(7.4)
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where
gmIA,nJB =
[
∂mIA∂nJB + ǫ
ℓp
mǫℓ
q
n∂pIA∂qJB
]
µ
hIA,JB = δ
mn∂mIA∂nJBµ
fmIA,JB = ǫ
nℓ
m∂nIA∂ℓJBµ
cmIA,nJB,ℓKC =
1
2
ǫpqrǫp
s
mǫq
t
nǫr
u
ℓ∂sIA∂tJB∂uKCµ
nmIA,nJB,KC = (
1
2
ǫpqℓǫp
s
mǫq
u
n + ǫ
s
m
ℓδun)∂sIA∂uJB∂ℓKCµ
mmIA,JB,KC =
1
2
ǫpqsǫp
ℓ
m∂ℓIA∂qJB∂sKCµ
lIA,JB,KC =
1
2
ǫmns∂mIA∂nJB∂sKCµ ,
(7.5)
and we have set θ0 = θ. In particular, the moduli metric is
ds2 =
[
∂mIA∂nJB + ǫ
ℓp
mǫℓ
q
n∂pIA∂qJB
]
µ dymIA dynJB . (7.6)
In the special case where the positions of the harmonic functions are the same,
yA = yIA, to construct the effective action, we again promote yA to superfields
and introduce N additional fermionic multiplets ψA. These multiplets satisfy the
constraints
Dry
mA = ǫr
m
nD0y
nA + δmrψ
A
Drψ
A = iδmn∂ty
nA .
(7.7)
The effective action is again given by (7.2). Expanding the action in terms of the
N=1 superfields
qmA = ymA|θr=0 , r=1,2,3
χA = χA|θr=0 r = 1, 2, 3 ,
(7.8)
we find that
S =
∫
dtdθ
[− i
2
gmA,nBDq
mA∂tq
nB − 1
2
hABχ
ADχB + ifmA,B∂tq
mAχB
+
1
3!
cmA,nB,ℓCDq
mADqnBDqℓC +
1
2
nmA,nB,CDq
mADqnBχC
+
1
2
mmA,B,CDq
mAχBχC +
1
3!
lABCχ
AχBχC ] ,
(7.9)
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where
gmA,nB =
[
∂mA∂nB + ǫ
ℓp
mǫℓ
q
n∂pA∂qB
]
µ
hAB = δ
mn∂mA∂nBµ
fmA,B = ǫ
nℓ
m∂nA∂ℓBµ
cmA,nB,ℓC =
1
2
ǫpqrǫp
s
mǫq
t
nǫr
u
ℓ∂sA∂tB∂uCµ
nmA,nB,C = (
1
2
ǫpqℓǫp
s
mǫq
u
n + ǫ
s
m
ℓδun)∂sA∂uB∂ℓCµ
mmA,B,C =
1
2
ǫpqsǫp
ℓ
m∂ℓA∂qB∂sCµ
lABC =
1
2
ǫmns∂mA∂nB∂sCµ ,
(7.10)
and again we have set θ0 = θ. In particular, the moduli metric is
ds2 =
[
∂mA∂nB + ǫ
ℓp
mǫℓ
q
n∂pA∂qB
]
µ dymA dynB . (7.11)
This completes the description of the supersymmetric effective actions for four-
dimensional black holes.
For four-dimensional black holes that preserve more supersymmetry, the mod-
uli potential is again given by (1.2). However, in the description of the effective
theory one may have to add additional one-dimensional fields to describe the su-
persymmetry multiplets. These are required by supersymmetry as in the five-
dimensional case.
7.2. Superconformal Symmetry
The investigation of superconformal symmetry of the moduli space of four-
dimensional black holes for small black hole separation is similar to that presented
for the Reissner-Nordstro¨m black hole in [10]. In particular, the effective theory
admits a D(2, 1; 0) superconformal symmetry in the near horizon limit. As in
the four-dimensional case, the relevant class of black holes are those that exhibit
regular near horizon geometry. These are the black holes that have four harmonic
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functions
⋆
with the same centres for which the near horizon geometry at every
centre is AdS2 × S2.
The conditions for a sigma model action such as (7.9) to exhibit supercon-
formal symmetry have been given in [10] and we shall not repeat them here. In
what follows, we shall show that our moduli metric admits a homothetic motion
generated by a vector field D and that the associated one-form of D is closed. To
begin, we write
gmA,nB = G
kℓ
mn∂kA∂ℓBµ , (7.12)
where
Gkℓmn = δ
k
mδ
ℓ
n + ǫ
rk
mǫr
ℓ
n . (7.13)
Since we expect a close relationship between the superconformal properties of the
five-dimensional black holes and those of the four-dimensional ones, we take the
vector field D which generates the homothetic motion to be the following:
DmA∂mA =
2
h
ymA∂mA , (7.14)
where h is a constant which will be determined. Using our ansatz for D and the
expression (7.12), we find that D is a homothety if
(ymA∂mA − h)µ = h
2
K , (7.15)
where K is in the kernel of the operator
GABmn = G
kℓ
mn∂kA∂ℓB (7.16)
which is used to find the metric on the moduli space from the moduli potential.
⋆ We also consider only the black holes and string solutions of the N=2 D=5 supergravity
associated with the STU model.
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As in the case of five-dimensional black holes above, we write the moduli po-
tential as
µ = µ1 + µ2 + µ
′ , (7.17)
where
µ1 =
∫
d3x
∑
A
λ1Aλ2Aλ3Aλ4A
|x− yA|4 , (7.18)
µ2 =
∫
d3x
∑
A 6=B
[ λ1Aλ2Aλ3Aλ4B
|x− yA|3|x− yB| + cyclic in(1, 2, 3, 4)
]
, (7.19)
and µ′ contains the rest of the terms. Both µ1 and µ2 contain divergent terms which
however do not contribute to the moduli metric. In particular, µ1 is independent
form the positions of the black holes and so it does not contribute. Putting a cut
off |x− yA| ≥ δ, we can evaluate µ2 to find
µ2 = 4π
∑
A 6=B
[
λ1Aλ2Aλ3Aλ4B
ln|yA − yB|+ (1− lnδ)
|yA − yB| + cyclic in(1, 2, 3, 4)
]
.
(7.20)
Next using
GCDmn
1
|yA − yB| = 0 , (7.21)
we see that the divergent part does not contribute. So ignoring the divergent part,
we see that
(ymA∂mA + 1)µ2 = −1
2
K , (7.22)
where
K =
π
4
∑
A 6=B
[
λ1Aλ2Aλ3Aλ4B
1
|yA − yB| + cyclic in(1, 2, 3, 4)
]
. (7.23)
which is in the kernel of GCDmn. Next, we can observe that µ
′ is homogeneous of
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degree −1 and so
(ymA∂mA + 1)µ
′ = 0 . (7.24)
From all these, we find that (7.15) holds for h = −1 and
D = −2ymA∂mA (7.25)
is a homothetic vector field. To generate special conformal transformations, the
associated form of D should be closed as in the case of five-dimensional black holes.
In particular, one can show that
DmA = −2gmA,nBynB = ∂mAK . (7.26)
For this, we have used the rotational invariance of µ under SO(3), i.e.
ymAǫnℓm∂ℓBµ = 0 . (7.27)
The above properties of the moduli metric indicate that at small black hole sep-
aration the effective theory admits an SL(2,R) symmetry. It turns out that the
rest of the conditions for superconformal invariance of [10] can also be verified. So
the effective action admits a D(2, 1; 0) superconformal symmetry.
8. Black Holes and Special Ka¨hler Geometry
8.1. The Black Hole Solutions
The action of N = 2 four-dimensional supergravity with n + 1 vectors F I =
dAI and n complex scalars za has been found in [44]. A class of such systems
can be described in terms of a holomorphic homogeneous of degree two potential
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F = F (XI). It follows that
F =
1
2
FIX
I
FI = FIJX
J
XIFIJK = 0
XIFIJKL = −FJKL
(8.1)
where FI =
∂
∂XI
F , I = 0, . . . , n, and similarly for higher order derivatives. Next
we set
e−K ≡ i(X¯IFI −XI F¯I)
NIJ = i
(
F¯IJ − FIJ
)
NIJ = F¯IJ + i
(XNX)
(NX)I(NX)J
(8.2)
where (NX)I = NIJX
J ,(NX¯)I = NIJ X¯
J , XNX = XIXJNIJ and X¯NX¯ =
¯XNX. The existence of such a potential F is not always guaranteed. The field
equations of N = 2 four-dimensional supergravity are invariant under symplectic
reparametrizations. It has been shown that one may use this to pass from a
solution which possesses a potential to one which does not. However, throughout
this section we shall limit ourselves to configurations which possess a potential
F . The coordinates XI are holomorphic functions of za. The bosonic part of the
N = 2 four dimensional supergravity action is
S =
∫
d4x
√
|g|(R+ 2[eKNIJ + e2K(NX¯)I(NX)J]∂µXI∂µX¯J
+i(NIJ − N¯IJ )F IµνF Jµν
)− 1
2
(NIJ + N¯IJ)ǫµνρσF IµνF Jρσ ,
(8.3)
where we have chosen ǫ0123 = +1. The field equations of (8.3)are as follows. The
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Einstein field equation is
√
|g|(Gµν + 2[eKNIJ + e2K(NX¯)I(NX)J]∂(µXI∂ν)X¯J
+2i(NIJ − N¯IJ )F IµλF Jλν
)
−1
2
√
|g|gµν
(
2
[
eKNIJ + e
2K(NX¯)I(NX)J
]
∂λX
I∂λX¯J
+i(NIJ − N¯IJ)F IρσF Jρσ
)
= 0 ,
(8.4)
the vector potential field equations are
8∂µ
(√|g|[ImNIJF J µν +ReNIJ⋆F J µν]) = 0 , (8.5)
and the field equations of the scalars za and z¯a are
{−2∂µ
(√|g|[eKNLJ + e2K(NX¯)L(NX)J ]∂µX¯J)
+2
√
|g|∂L
(
eKNIJ + e
2K(NX¯)I(NX)J
)
∂µX
I∂µX¯J
+i
√
|g|∂L(NIJ − N¯IJ)F IµνF J µν
−1
2
∂L(NIJ + N¯IJ)ǫµνρσF IµνF Jρσ}∂aXL = 0 ,
(8.6)
and
{−2∂µ
(√|g|[eKNLJ + e2K(NX¯)J (NX)L]∂µXJ)
+2
√
|g|∂L¯
(
eKNIJ + e
2K(NX¯)I(NX)J
)
∂µX
I∂µX¯J
+i
√
|g|∂L¯(NIJ − N¯IJ)F IµνF J µν
−1
2
∂L¯(NIJ + N¯IJ)ǫµνρσF IµνF Jρσ}∂a¯X¯L = 0 ,
(8.7)
respectively. In the equations above, ∂a and ∂a¯ denote the partial derivatives with
respect to za and z¯a, respectively.
The static black hole solution which we shall consider has XI real. In which
case, F and all its derivatives can be chosen to be purely imaginary. The solution
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is
ds2 = −eKdt2 + e−Kdx2
AI0 = e
KXI
AIm = 0
2iFI = HI
(8.8)
where
HI = hI +
∑
A
λIA
|x− yIA| . (8.9)
are harmonic functions. Using the definition of K, we find that for this solution
e−K = 4iF . Now the last equation in (8.8) can be thought of as expressing n + 1
real scalars in terms of n + 1 real harmonic functions. From these, n scalars
are associated with the scalar fields of the supergravity theory and one with the
components of the metric as in the five-dimensional case explained in section four.
The centres of the harmonic functions {yIA; I = 0, . . . , n;A = 1, . . . , nI} determine
the positions of the black holes and {λIA; I = 0, . . . , n;A = 1, . . . , nI} are their
electric charges. The above solution has delta function sources in the coordinate
system that we are using to describe it. The appropriate source terms which should
be added to the supergravity action are
Ssource =
∑
I,A
∫
dτIA (8πe
1
2
K(XI + X¯I)λIA − 16πAIµdyIA
µ
dτIA
λIA) , (8.10)
where τIA is the proper time associated with the centres yIA defined with respect
to the metric g.
8.2. Perturbations
In order to determine the low energy behaviour of these solutions we allow the
centres yIA to depend on t. We also make the following additional first order in
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the velocities perturbations to the fields
ds2 → ds2 + 2eKpndtdxn
AI0dt → AI0dt+ (DIn − eKXIpn)dxn
XI → XI + iY I
(8.11)
where Y I is real, and pn, D
I
n (n = 1, 2, 3) and Y
I are to be determined by solving
the equations of motion up to first order in the velocities
⋆
. It turns out that
using this perturbation ansatz only the n-component of the gauge equation and
the 0n component of the Einstein equation together with the field equations of
the scalar za are modified by terms first order in the velocities. As the scalar
perturbation is imaginary, the conjugate scalar equation does not contain any
additional information.
In particular the perturbed Einstein equation including the sources from (8.10)
gives
−1
2
eK∂ℓ(∂npℓ − ∂ℓpn) + 2XI∂0∂nHI
+4ieK∂ℓFI(∂nD
I
ℓ − ∂ℓDIn) = 8πXI
∑
λIAδ(x− yIA)vIAn
(8.12)
and the perturbed gauge equation including the sources gives
4∂0∂
nHI + 8i∂m
(
eK(FIJ − F−1FIFJ)(∂mDIn − ∂nDIm)
)
+8i∂m
(
e2KFI(∂
mpn − ∂npm))− 2ǫmmℓ∂mY L∂ℓ(F−1FIL)
−2ǫmnℓ∂m(F−2Y LFI)∂ℓFL = 16π
∑
λIAδ(x− yIA)vnIA.
(8.13)
To proceed we contract (8.13) with 12X
I and subtract it from (8.12). This
⋆ One can perturb all of the fields in the theory around a solution, but in this case the
perturbation we have considered will suffice.
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leads to the simpler expression
∂m
[3i
8
F−2(∂mpn − ∂npm) + F−2FI(∂mDIn − ∂nDIm)
+2F−
1
2FJǫnm
ℓ∂ℓ(F
− 3
2Y J)
]
= 0.
(8.14)
The perturbed scalar equation including sources gives
∂aX
L{∂m((−iF−1FLJ + 1
2
F−2FLFJ)∂
mY J)
+
i
2
F−2∂mY J(FJ∂mFL − FL∂mFJ)
−3i
2
F−2∂mFJ∂mFL − 1
2
Y J∂m(F
−2FL∂
mFJ)
− i
2
ǫmnr(∂m(F
−1FJL) + F
−2FJ∂mFL)(∂nD
J
r − ∂rDJn)
+
1
4
F−
3
2 ǫmnr∂m(F
− 1
2FL)(∂npr − ∂rpn)} = 0.
(8.15)
We shall not continue to present the solutions to these second order (with
respect to spatial derivatives) equations in this section, instead we shall first eval-
uate the term in the action which is quadratic in the velocities. From there it will
become clear that the perturbations solve a set of first order equations.
8.3. The Moduli Metric
To compute the moduli metric, we must substitute the solution to the per-
turbed field equations found in the previous section into the total action (includ-
ing source terms) and compute the part which is second order in velocities. It is
expected, as a consequence of the BPS condition, that the zeroth and first order
contributions to the action vanish. Substituting the perturbation ansatz into the
action (including the sources), and collecting the terms quadratic in the velocities,
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we find
S(2) =
∫
d4x
[− 16∂0FI∂0(FXI)− 8π∑ e−KXIλIA|vIA|2δ(x− yIA)
−1
4
e2K(∂mpn − ∂npm)(∂mpn − ∂npm)
−2(∂mDIn − ∂nDIm)(∂mkIn − ∂nkIm)
+2ieK(−FIJ + F−1FIFJ)(∂mDIn − ∂nDIm
−eKXI(∂mpn − ∂npm))(∂mDJn − ∂nDJm − eKXJ(∂mpn − ∂npm))
+(
1
2
F−2FIFJ − F−1FIJ)∂mY I∂mY J
−F−2Y I∂mY JFJ∂mFI + 3
2
F−2Y KY L∂mFK∂
mFL
+Y Lǫmnr(∂m(F
−1FJL) + F
−2FJ∂mFL)(∂nD
J
r − ∂rDJn)
+
i
2
F−
3
2Y Lǫmnr∂m(F
− 1
2FL)(∂npr − ∂rpn)
]
,
(8.16)
where
kI
n =
∑ λIAvIAn
|x− yIA| . (8.17)
It should be noted that on varying the fields pn, D
I
n and Y
I one obtains the first
order in the velocities field equations of the previous section. To simplify the action
we set
Qmn = ∂mpn − ∂npm − 4
3
HI(∂mD
I
n − ∂nDIm)
+
4i
3
F
3
2FLǫmn
r∂r(F
− 3
2Y L)− 4iF 12Y Lǫmnr∂r(F− 12FL)
QImn = ∂mD
I
n − ∂nDIm + 2BIJ(∂mkJn − ∂nkJm) + ǫmnℓ∂ℓY I
(8.18)
where
BIJ = F
−1(FIJ − F−1FIFJ) ; (8.19)
BIJ is the inverse of the matrix BIJ . We shall assume that this inverse exists,
this is certainly true in many interesting cases, like those of intersecting D-branes.
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Remarkably then, the second order action simplifies to
S(2) =
∫
d4x
[− 16∂0FI∂0(FXI)− 8π∑ e−KXIλIA|vIA|2δ(x− yIA)
+2BIJ(∂mkIn − ∂nkIm)(∂mkJn − ∂nkJm)
+
3
4
e2KQmnQ
mn − 1
2
BIJQ
I
mnQ
J mn
]
. (8.20)
To proceed, we shall take Q = 0 and QI = 0. It turns out that these conditions are
sufficient for solving the perturbed field equations. Furthermore, the portion of the
above action which is independent of Q and QI is precisely that which leads to the
effective action for the black holes which possesses the expected N = 4 worldline
supersymmetry. Solving Q = QI = 0, we find
Y I =
1
4π
∫
d3z
1
|x− z|ǫ
ℓmn∂ℓ(B
IJ (∂mkJn − ∂nkJm))(z)
DIn =
1
2π
∫
d3z
1
|x− z|∂
ℓ(BIJ(∂ℓkJn − ∂nkJℓ))(z)
pn =
1
4π
∫
d3z
1
|x− z|∂
ℓ(16iFXI(∂ℓkIn − ∂nkIℓ) + 4iǫℓnr(FL∂rY L − Y L∂rFL))(z).
(8.21)
Substituting the solutions for the perturbations back into S(2), we find that
S(2) =
∫
d4x
[− 16∂0FI∂0(FXI)− 8π∑ e−KXIλIA|vIA|2δ(x− yIA)
+2BIJ (∂mkIn − ∂nkIm)(∂mkJn − ∂nkJm)
]
.
(8.22)
The moduli metric can be read from S(2). To analyze the geometry of the moduli
space we use the identities
BIJX
J =
1
3
F−1FI
BIJ∂µ(FX
J ) = ∂µFI .
(8.23)
It then follows that
∂mIAF =
i
2
XI∂m
[ λIA
|x− yIA|
]
(8.24)
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and
∂mIA∂nJBF
2 = −1
4
e−KXIδIJδAB∂m∂n
[ λIA
|x− yIA|
]
−1
2
BIJ∂m
[ λIA
|x− yIA|
]
∂n
[ λJB
|x− yJB |
]
,
(8.25)
where there is no sum over I or J and ∂mIA denotes partial differentiation with
respect to ymIA. Using all the above we find
S(2) =
∫
dt
1
2
gmIA nJBvIA
mvJB
n. (8.26)
where
gmIA ,nJB = ∂mIA∂nJBµ− ∂nIA∂mJBµ+ δmnδrℓ∂rIA∂ℓJBµ (8.27)
and
µ = −16
∫
d3xF 2 . (8.28)
So the moduli metric is
ds2 = gmIA ,nJBdy
mIAdynJB . (8.29)
As an example we may consider the STU model with n = 4. For this case the
potential function F is given by
F (XI) = i(X0X1X2X3)
1
2 . (8.30)
This leads to the moduli potential
µ = 16
∫
d3xH0H1H2H3 . (8.31)
From this we observe that the moduli space metric possesses the expected N = 4
supersymmetry together with the appropriate superconformal symmetry for those
black holes associated with harmonic functions with the same centres. The moduli
space metric is generated by a potential function in agreement with the conjecture
(1.2).
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9. Concluding Remarks
We have proposed that the moduli metric of a large class of four- and five-
dimensional black holes can be determined by a moduli potential. In turn this
can be determined by the components of the metric of the black hole solution
as in (1.2). Then we have provided evidence that such choice gives consistent
results. In particular, it describes all the black hole moduli metrics that have been
computed explicitly. In some cases, one can argue under certain assumptions that
the expression for the moduli potential (1.2) can be shown using duality. Moreover,
the associated effective theories of black holes which are constructed using (1.2)
exhibit the expected superconformal behaviour at small black hole separations.
One can extend our construction to find a U-duality invariant expression for
the moduli potential. However, for this to be consistent one should use U-duality
invariant black hole solutions [46]; for recent work see for example [47]. In four di-
mensions, such black holes carry the charges of all branes
⋆
. It would be interesting
to see whether our moduli potential formula still applies in this case.
It is clear from our results that the effective theories of black holes that have
regular horizons exhibit superconformal symmetry at small black holes separations.
This can prove useful in understanding multi-black hole quantum mechanics using
the suggestion of [50] adapted for black holes [51, 52] and black hole moduli spaces
[7, 42, 10].
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⋆ Note however that in string theory [48] as well as in supergravity [49], D6-branes repel
D0-branes; although this may change if other brane charges are present.
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